
In Proceedings of AAAI 93Planning With Deadlines in Stochastic DomainsThomas Dean, Leslie Pack Kaelbling, Jak Kirman, Ann NicholsonDepartment of Computer ScienceBrown University, Providence, RI 02912tld@cs.brown.eduAbstractWe provide a method, based on the theory ofMarkov decision problems, for e�cient planningin stochastic domains. Goals are encoded asreward functions, expressing the desirability ofeach world state; the planner must �nd a policy(mapping from states to actions) that maximizesfuture rewards. Standard goals of achievement,as well as goals of maintenance and prioritizedcombinations of goals, can be speci�ed in thisway. An optimal policy can be found using ex-isting methods, but these methods are at bestpolynomial in the number of states in the do-main, where the number of states is exponen-tial in the number of propositions (or state vari-ables). By using information about the start-ing state, the reward function, and the transi-tion probabilities of the domain, we can restrictthe planner's attention to a set of world statesthat are likely to be encountered in satisfyingthe goal. Furthermore, the planner can gener-ate more or less complete plans depending onthe time it has available. We describe exper-iments involving a mobile robotics applicationand consider the problem of scheduling di�er-ent phases of the planning algorithm given timeconstraints. IntroductionIn a completely deterministic world, it is possible fora planner simply to generate a sequence of actions,knowing that if they are executed in the proper order,the goal will necessarily result. In nondeterministicworlds, planners must address the question of what todo when things do not go as expected.The method of triangle tables [Fikes et al., 1972]made plans that could be executed robustly in anycircumstance along the nominal trajectory of worldstates, allowing for certain classes of failures andserendipitous events. It is often the case, however, thatan execution error will move the world to a situationthat has not been previously considered by the planner.

Many systems (sipe, for example [Wilkins, 1988]) canmonitor for plan \failures" and initiate replanning. Re-planning is often too slow to be useful in time-criticaldomains, however. Schoppers, in his universal plans[Schoppers, 1987], gives a method for generating a re-action for every possible situation that could transpireduring plan execution; these plans are robust and fastto execute, but can be very large and expensive to gen-erate. There is an inherent contradiction in all of theseapproaches. The world is assumed to be deterministicfor the purpose of planning, but its nondeterminismis accounted for by performing execution monitoringor by generating reactions for world states not on thenominal planned trajectory.In this paper, we address the problem of planning innondeterministic domains by taking nondeterminisminto account from the very start. There is already awell-explored body of theory and algorithms address-ing the question of �nding optimal policies (universalplans) for nondeterministic domains. Unfortunately,these methods are impractical in large state spaces.However, if we know the start state, and have a modelof the nature of the world's nondeterminism, we canrestrict the planner's attention to a set of world statesthat are likely to be encountered on the way to thegoal. Furthermore, the planner can generate more orless complete plans depending on the time it has avail-able. In this way, we provide e�cient methods, basedon existing techniques of �nding optimal strategies, forplanning under time constraints in non-deterministicdomains. Our approach addresses uncertainty result-ing from control error, but not sensor error; we assumecertainty in observations.We assume that the environment can be modeled asa stochastic automaton: a set of states, a set of actions,and a matrix of transition probabilities. In the simplestcases, achieving a goal corresponds to performing a se-quence of actions that results in a state satisfying someproposition. Since we cannot guarantee the length of asequence needed to achieve a given goal in a stochasticdomain, we are interested in building planning systemsthat minimize the expected number of actions neededto reach a given goal.



In our approach, constructing a plan to achieve agoal corresponds to �nding a policy (a mapping fromstates to actions) that maximizes expected perfor-mance. Performance is based on the expected accu-mulated reward over sequences of state transitions de-termined by the underlying stochastic automaton. Therewards are determined by a reward function (a map-ping from states to the real numbers) specially formu-lated for a given goal. A good policy in our frameworkcorresponds to a universal plan for achieving goalsquickly on average.In the following, we refer to the automaton modelingthe environment as the system automaton. Instead ofgenerating the optimal policy for the whole system au-tomaton, we formulate a simpler or restricted stochas-tic automaton and then search for an optimal policyin this restricted automaton. The state space for therestricted automaton, called the envelope, is a subsetof the states of the system automaton, augmented witha special state out that represents being in any stateoutside of the envelope.The algorithm developed in this paper consists oftwo basic subroutines. Envelope extension adds statesto the restricted automaton, making it approximatethe system automaton more closely. Policy generationcomputes an optimal policy for the restricted automa-ton; a complete policy for the system automaton isconstructed by augmenting the policy for the restrictedautomaton with a set of default actions or re
exes tobe executed for states outside the envelope.The algorithm is implemented as an anytime algo-rithm [Dean and Boddy, 1988], one that can be inter-rupted at any point during execution to return an an-swer whose value at least in certain classes of stochasticprocesses improves in expectation as a function of thecomputation time. We gather statistics on how enve-lope extension and policy generation improve perfor-mance and use these statistics to compile expectationsfor allocating computing resources in time-critical sit-uations.In this paper, we focus primarily on the details of thealgorithm and the results of a series of computationalexperiments that provide some indication of its merit.Subsequent papers will expand on the representationfor goals and deal with more complicated models of in-teraction that require more sophisticated methods forallocating computational resources.Planning AlgorithmDe�nitions We model the entire environment as astochastic automaton. Let S be the �nite set of worldstates; we assume that they can be reliably identi�edby the agent. Let A be the �nite set of actions; ev-ery action can be taken in every state. The transitionmodel of the environment is a function mapping ele-ments of S � A into discrete probability distributionsover S. We write Pr(s1; a; s2) for the probability thatthe world will make a transition from state s1 to state

s2 when action a is taken.A policy � is a mapping from S to A, specifying anaction to be taken in each situation. An environmentcombined with a policy for choosing actions in thatenvironment yields a Markov chain [Kemeny and Snell,1960].A reward function is a mapping from S to <, speci-fying the instantaneous reward that the agent derivesfrom being in each state. Given a policy � and a rewardfunction R, the value of state s 2 S, V�(s), is the sumof the expected values of the rewards to be received ateach future time step, discounted by how far into thefuture they occur. That is, V�(s) = P1t=0 
tE(Rt),where Rt is the reward received on the tth step of ex-ecuting policy � after starting in state s. The dis-counting factor, 
, is between 0 and 1 and controlsthe in
uence of rewards in the distant future. Due toproperties of the exponential, the de�nition of V canbe rewritten asV�(s) = R(s) + 
Xs02S Pr(s; �(s); s0)V�(s0) : (1)We say that policy � dominates (is better than) �0 if,for all s 2 S, V�(s) � V�0 (s), and for at least ones 2 S, V�(s) > V�0 (s). A policy is optimal if it is notdominated by any other policy.One of the most common goals is to achieve a cer-tain condition p as soon as possible. If we de�ne thereward function as R(s) = 0 if p holds in state s andR(s) = �1 otherwise, and represent all goal states asbeing absorbing, then the optimal policy will result inthe agent reaching a state satisfying p as soon as pos-sible. Absorbing means that all actions result in thesame state with probability 1; 8a 2 A; Pr(s; a; s) = 1.Making the goal states absorbing ensures that we go tothe \nearest" state in which p holds, independent of thestates that will follow. The language of reward func-tions is quite rich, allowing us to specify much morecomplex goals, including the maintenance of propertiesof the world and prioritized combinations of primitivegoals.A partial policy is a mapping from a subset of Sinto actions; the domain of a partial policy � is calledits envelope, E�. The fringe of a partial policy, F�, isthe set of states that are not in the envelope of thepolicy, but that may be reached in one step of policyexecution from some state in the envelope. That is,F� = fs 2 S j 9s0 2 E� s:t:Pr(s0; �(s0); s) > 0g :To construct a restricted automaton, we take an en-velope E of states and add the distinguished state out.For any states s and s0 in E and action a in A, the tran-sition probabilities remain the same. Further, for everys 2 E and a 2 A, we de�ne the probability of goingout of the envelope asPr(s; a;out) = 1�Xs02EPr(s; a; s0) :The out state is absorbing.



The cost of falling out of the envelope is a param-eter that depends on the domain. If it is possible tore-invoke the planner when the agent falls out of theenvelope, then one approach is to assign V (out) to bethe estimated value of the state into which the agentfell minus some function of the time to construct a newpartial policy. Under the reward function describedearlier, the value of a state is negative, and its mag-nitude is the expected number of steps to the goal; iftime spent planning is to be penalized, it can simply beadded to the magnitude of the value of the out statewith a suitable weighting function.Overall Structure We assume, initially, that thereare two separate phases of operation: planning andexecution. The planner constructs a policy that is fol-lowed by the agent until a new goal must be pursued oruntil the agent falls out of the current envelope. Moresophisticated models of interaction between planningand execution are possible, including one in which theplanner runs concurrently with the execution, sendingdown new or expanded strategies as they are devel-oped. Questions of how to schedule deliberation arediscussed in the following section (see also [Dean etal., 1993]). Execution of an explicit policy is trivial, sowe describe only the algorithm for generating policies.The high level planning algorithm, given a descrip-tion of the environment and start state s0 is as follows:1. Generate an initial envelope E2. While (E 6= S) and (not deadline) do2.1 Extend the envelope E2.2 Generate an optimal policy � for restricted au-tomaton with state set E [ foutg3. Return �The algorithm �rst �nds a small subset of world statesand calculates an optimal policy over those states.Then it gradually adds new states in order to make thepolicy robust by decreasing the chance of falling out ofthe envelope. After new states are added, the optimalpolicy over the new envelope is calculated. Note theinterdependence of these steps: the choice of whichstates to add during envelope extension may dependon the current policy, and the policy generated as a re-sult of optimization may be quite di�erent dependingon which states were added to the envelope. The al-gorithm terminates when a deadline has been reachedor when the envelope has been expanded to includethe entire state space. In the following sections, weconsider each subcomponent of this algorithm in moredetail.Generating an initial envelope This high-level al-gorithm works no matter how the initial envelope ischosen, but if it is done with some intelligence, theearly policies are much more useful. In our examples,we consider the goal of being in a state satisfying p

as soon as possible. For such simple goals of achieve-ment, a good initial envelope is one containing a chainof states from the initial state, s0, to some state satis-fying p such that, for each state, there is some actionwith a non-zero probability of moving to the next statein the chain.In the implemented system, we generate an initialenvelope by doing a depth-�rst search from s0 consid-ering the most probable outcome for each action indecreasing order of probability. This yields a set ofstates that can be traversed with fairly high probabil-ity to a goal state. More sophisticated techniques couldbe used to generate a good initial envelope; our strat-egy is to spend as little time as possible doing this, sothat a plausible policy is available as soon as possible.Generating an optimal policy Howard's policy it-eration algorithm is guaranteed to generate the optimalpolicy for the restricted automaton. The algorithmworks as follows: 11. Let �0 be any policy on E2. While � 6= �0 do loop2.1 � := �02.2 For all s 2 E , calculate V�(s) by solving the setof j E j linear equations in j E j unknowns given byequation 12.3 For all s 2 E , if there is some action a 2 A s.t.[R(s) + 
Ps02E [foutgPr(s; s0; a)V�(s0)] >V�(s), then �0(s) := a; otherwise �0(s) := �(s)3. Return �The algorithm iterates, generating at every step a pol-icy that strictly dominates the previous policy, andterminates when a policy can no longer be improved,yielding an optimal policy. In every iteration, the val-ues of the states under the current policy are com-puted. This is done by solving a system of equations;although this is potentially an O(j E j2:8) operation,most realistic environments cannot transition from ev-ery state to every other, so the transition matrix issparse, allowing much more e�cient solution of theequations. The algorithm then improves the policy bylooking for states s in which doing some action a otherthan �(s) for one step, then continuing with �, wouldresult in higher expected reward than simply executing�. When such a state is found, the policy is changedso that it always chooses action a in that state.This algorithm requires a number of iterations atmost polynomial in the number of states; in practice forfor an instance of our domain with 6000 world states, ithas never taken more than 16 iterations. When we usethis as a subroutine in our planning algorithm, we gen-erate a random policy for the �rst step, and then for1Since V (out) is �xed, and the out state is absorb-ing, it does not need to be explicitly included in the policycalculations.



all subsequent steps we use the old policy as the start-ing point for policy iteration. Because, in general, thepolicy does not change radically when the envelope isextended, it requires very few iterations (typically 2 or3) of the policy iteration algorithm to generate the op-timal policy for the extended envelope. Occasionally,when a very dire consequence or an exceptional newpath is discovered, the whole policy must be changed.Extending the envelope There are a number ofpossible strategies for extending the envelope; the mostappropriate depends on the domain. The aim of theenvelope extension is to judiciously broaden the subsetof the world states, by including states that are out-side the envelope of the current policy but that may bereached upon executing the policy. One simple strat-egy is to add the entire fringe of the current policy, F�;this would result in adding states uniformly around thecurrent envelope. It will often be the case, however,that some of the states in the fringe are very unlikelygiven the current policy.A more reasonable strategy, similar to one advocatedby Drummond and Bresina [Drummond and Bresina,1990], is to look for the N most likely fringe states. Wedo this by simulating the restricted automaton and ac-cumulating the probabilities of falling out into eachfringe state. We then have a choice of strategies. Wecan add each of the N most likely fringe states. Al-ternatively, for goals of achievement, we can take eachelement of this subset of the fringe states and �nd achain of states that leads back to some state in theenvelope. In the experiments described in the follow-ing sections, fringe states are added rather than wholepaths back to the envelope.Example In our approach, unlike that of Drummondand Bresina, extending the current policy is coupledtightly and naturally to changing the policy as requiredto keep it optimal with respect to the restricted view ofthe world. The following example illustrates how suchchanges are made using the algorithm as described.The example domain is mobile-robot path planning.The 
oor plan is divided into a grid of 166 locations,L, with four directional states associated with eachlocation, D = fN, S, E, Wg, corresponding to the di-rection the robot is facing, resulting in a total of 664world states. The actions available to the robot arefstay, go, turn-right, turn-left, turn-aboutg.The transition probabilities for the outcome of eachaction may be obtained empirically. In our experimen-tal simulation the stay action is guaranteed to suc-ceed. The probability of success for go and turning ac-tions in most locations were 0.8, with the remainder ofthe probability mass divided between undesired resultssuch as overshooting, over-rotating, slipping sideways,etc. The world also contains sinks, locations that aredi�cult or impossible to leave. On average each statehas 15.6 successors.

Figure 1 shows a subset of our domain, the locationssurrounding a stairwell, which is a complete sink, i.e.,there are no non-zero transitions out of it; also, it isonly accessible from one direction, north. In this �g-ure there are four small squares associated with eachlocation, one for each possible heading; thus each smallsquare corresponds to a state, the direction of the ar-row shows the policy for the robot in that locationand with that heading. Figure 1 (a) shows the opti-mal policy for a small early envelope; Figures 1(b) and(c) show two subsequent envelopes where the policychanges to direct the robot to circumvent the stair-well, re
ecting aversion to the risk involved in takingthe shortest path.Deliberation SchedulingGiven the two-stage algorithm for generating policiesprovided in the previous section, we would like theagent to allocate processor time to the two stages whenfaced with a time critical situation. Determining suchallocations is called deliberation scheduling [Dean andBoddy, 1988]. In this paper, we consider situationsin which the agent is given a deadline and an initialstate and has until the deadline to produce a policyafter which no further adjustments to the policy areallowed. The interval of time from the current timeuntil the deadline is called the deliberation interval.We address more complicated situations in [Dean etal., 1993].Deliberation scheduling relies on compiling statis-tics to produce expectations regarding performance im-provements that are used to guide scheduling. In gen-eral, we cannot guarantee that our algorithm will pro-duce a sequence of policies, �̂0; �̂1; �̂2; . . ., that increasein value, e.g., V�̂0 (s0) < V�̂1 (s0) < V�̂2 (s0) � � �, wherethe �̂i are complete policies constructed by adding re-
exes to the partial policies generated by our algo-rithm. The best we can hope for is that the algo-rithm produces a sequence of policies whose values in-crease in expectation, e.g., E[V�̂0 (s0)] < E[V�̂1(s0)] <E[V�̂2 (s0)] � � �, where here the initial state s0 is con-sidered a random variable. In allocating processortime, we are concerned with the expected improve-ment, E[V�̂i+1 (s0) � V�̂i (s0)], relative to a given al-location of processor time.If envelope extension did not make use of the cur-rent policy, we could just partition the deliberationinterval into two subintervals, the �rst spent in en-velope extension and the second in policy generation.However, since the two stages are mutually dependent,we have to consider performing multiple rounds whereeach round involves some amount of envelope extensionfollowed by some amount of policy generation.Let tEEi (tPGi ) be the time allocated to envelope ex-tension (policy generation) in the ith round of the al-gorithm and Ei be the envelope following the ith roundenvelope extension. To obtain an optimal deliberationschedule, we would have to consider the expected value
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Figure 1: Example of policy change for di�erent en-velopes near a complete sink. The direction of the ar-row indicates the current policy for that state. (a) Sinknot in the envelope: the policy chooses the straightfor-ward shortest path. (b) Sink included: the policy skirtsnorth around it. (c) All states surrounding the stair-well included: the barriers on the south, east and westsides allow the policy take a longer but safer path. Forthis run 
 = 0.999999 and V (out) = -4000.

of the �nal policy given k = 1; 2; . . . rounds and all pos-sible allocations to tEEi and tPGi for 1 � i � k. Wesuspect that �nding the optimal deliberation scheduleis NP-hard. To expedite deliberation scheduling, weuse a greedy algorithm based on the following statis-tics.1. The expected improvement starting with an enve-lope of size m and adding n states: E[V�̂i+1 (s0) �V�̂i (s0)jm =jEi j;m+ n =jEi+1 j].2. The expected time required to extend by n statesan envelope of size m and compute the opti-mal policy for the resulting restricted automaton:E[tEEi +PGi jm =jEi j;m+ n =jEi+1 j].After each round of envelope extension followed by pol-icy generation we have an envelope of some size m; we�nd that n maximizing the ratio of (1) and (2), addn states, and perform another round, time permitting.If the deadline occurs during envelope extension, thenthe algorithm returns the policy from the last round. Ifthe deadline occurs during policy generation, then thealgorithm returns the policy from the last iteration ofpolicy iteration. ResultsIn this section, we present results from the iterative re-�nement algorithm using the table lookup deliberationscheduling strategy and statistics described in the pre-vious sections. We generated 1.6 million data pointsto compute the required statistics for the same robot-path-planning domain. The start and goal states werechosen randomly for executions of the planning algo-rithm using a greedy deliberation strategy, where N ,the number of fringe states added for each phase ofenvelope extension, was determined from the delibera-tion scheduling statistics.We compared the performance of (1) our planningalgorithm using the greedy deliberation strategy to (2)policy iteration optimizing the policy for the whole do-main. Our results show that the planning algorithmusing the greedy deliberation strategy supplies a goodpolicy early, and typically converges to a policy thatis close to optimal before the whole domain policy it-eration method does. Figure 2 shows average resultsfrom 620 runs, where a single run involves a particularstart state and goal state. The graph shows the av-erage improvement of the start state under the policyavailable at time t, V�̂(s0), as a function of time. Inorder to compare results from di�erent start/goal runs,we show the average ratio of the value of the currentpolicy to the value of the optimal policy for the wholedomain, plotted against the ratio of actual time to thetime, Topt, that the policy iteration takes to reach thatoptimal value.The greedy deliberation strategy performs signi�-cantly better than the standard optimization method.We also considered very simple strategies such asadding a small �xed N each iteration, and adding the
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greedyFigure 2: Comparison of planning algorithm usinggreedy deliberation strategy (dashed line) with the pol-icy iteration optimization method (solid line).whole fringe each iteration, which performed fairly wellfor this domain, but not as well as the greedy pol-icy. Further experimentation is required to draw de�ni-tive conclusions about the comparative performance ofthese deliberation strategies for particular domains.Related Work and ConclusionsOur primary interest is in applying the sequential de-cision making techniques of Bellman [Bellman, 1957]and Howard [Howard, 1960] in time-critical applica-tions. Our initial motivation for the methods discussedhere came from the `anytime synthetic projection' workof Drummond and Bresina. [Drummond and Bresina,1990]. We improve on the Drummond and Bresinawork by providing (i) coherent semantics for goals instochastic domains, (ii) theoretically sound probabilis-tic foundations, (iii) and decision-theoretic methods forcontrolling inference.The approach described in this paper represents aparticular instance of time-dependent planning [Deanand Boddy, 1988] and borrows from, among others,Horvitz' [Horvitz, 1988] approach to 
exible com-putation. Boddy [Boddy, 1991] describes solutionsto related problems involving dynamic programming.Hansson and Mayer's BPS (Bayesian Problem Solver)[Hansson and Mayer, 1989] supports general state-space search with decision-theoretic control of infer-ence; it may be that BPS could be used as the ba-sis for envelope extension thus providing more �ne-grained decision-theoretic control. Christiansen andGoldberg [Christiansen and Goldberg, 1990] also ad-dress the problem of planning in stochastic domains.The approach is applicable to stochastic domainswith certain characteristics; typically there are mul-tiple paths to the goal and the domain is relatively be-nign. If there is only one path to the goal all the workwill be done by the procedure �nding the initial en-velope, and extending the envelope only improves thepolicy if the new states can be recovered from. Our fu-ture research plans involve extending the approach inseveral directions: allowing more complex goals; per-
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